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We study the evolution of a quantum scalar field in a toy universe which has three stages of
evolution, viz., (i) an early (inflationary) de Sitter phase (ii) radiation dominated phase and (iii)
late-time (cosmological constant dominated) de Sitter phase. Using Schro¨dinger picture, the scalar
field equations are solved separately for the three stages and matched at the transition points. The
boundary conditions are chosen so that field modes in the early de Sitter evolves from Bunch-Davies
vacuum state. We determine the (time-dependent) particle content of this quantum state for the
entire evolution of the universe and describe the various features both numerically and analytically.
We also describe the quantum to classical transition in terms of a classicality parameter which tracks
the particle creation and its effect on phase space correlation of the quantum field.
I. INTRODUCTION
It is well known that quantum vacuum becomes unsta-
ble and gives rise to particle production when the external
sources are sufficiently strong. Some familiar examples of
this phenomena are the particle creation by electric fields
(Schwinger effect) [1], by black holes [2] and in the ex-
panding universe [3]. Studies on quantum field theory
in curved spacetime [3]-[7] have provided more general
examples of particle creation in different contexts.
When the external sources can be switched off asymp-
totically, leading to free field theory at very early and late
times, one can define in and out vacua in the asymptotic
regimes and study particle creation in a reasonably un-
ambiguous manner. However, many interesting cases in
the study of quantum field theory in curved spacetime do
not allow us the luxury of asymptotic vacua. Cosmologi-
cal particle creation is one such example. In this context,
one can certainly calculate the time evolution of a given
quantum state in Heisenberg or Schro¨dinger picture in an
unambiguous manner. But interpreting the particle con-
tent of this quantum state at any given time is fraught
with ambiguities. It is generally recognized that one can-
not resolve these ambiguities by any unique procedure
which is applicable in all contexts. The best one could
do is to introduce different constructs which could probe
different aspects of physics in the expanding background
and develop an intuitive feel for the various phenomena.
Another question, closely related to particle content, is
the notion of classicality. A quantum field in an exter-
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nal background might have features which possess nearly
classical description in certain contexts. For example, it
is believed that fluctuations of a scalar field, which were
purely quantum mechanical in origin in the early stages of
the inflationary phase, allow a description as purely clas-
sical stochastic fluctuation at the late stages. Much of the
current paradigm in cosmology [8]-[10] pre-supposes such
a notion of quantum to classical transition. Once again,
it is not possible to quantify the degree of classicality of a
field in a unique and all encompassing manner. The best
we could do is to come up with measures of classicality
and see how best they work in different contexts.
It would be useful, intuitively clear and somewhat eco-
nomical if we could come up with constructs which simul-
taneously give a handle on the degree of classicality of
the field and its particle content. In fact, such a criterion
will sharpen our intuitive idea that well defined notion of
particles will exist if and only if the degree of classical-
ity is high, while the notion of particles will be drowned
in the sea of quantum fluctuations when the degree of
classicality is low. Such a procedure and a fairly compre-
hensive methodology was proposed sometime back in a
series of papers [11, 12]. This work exploits the fact that
the quantum theory of a minimally coupled scalar field
in a Friedmann spacetime can be reduced to the study of
a time dependent harmonic oscillator.
The Schro¨dinger equation for the time dependent har-
monic oscillator admits form-invariant Gaussian states
as solutions (this is well-known in the literature, see for
example [13]), which — in turn — allows us to define
instantaneous particle content of the state. Particles are
defined in terms of instantaneous eigenstates specified at
each moment. This approach has proved to be quite suc-
cessful in dealing with time dependent particle content
in various cases, like for example— massless minimally
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2coupled scalar field in de Sitter and radiation dominated
Friedmann spacetime [11]; complex scalar field in a con-
stant electric field [11] and time dependent electric field
[12] backgrounds. The quantum to classical transition is
usually discussed in terms of Wigner function which links
the wavefunction that appears in Schro¨dinger’s equation
to a probability distribution in phase space. However, it
was found [11] that the peaking of the Wigner function on
the classical phase space trajectory is independent of par-
ticle content in several contexts and hence makes the def-
inition of classicality in terms of Wigner function some-
what less useful. To counter this, an additional measure
of phase space correlation (called the classicality param-
eter) was proposed in [11] which maintains our intuitive
link between degree of classicality and particle content.
When there is no particle creation this parameter is zero
and in the presence of strong particle creation its modulus
saturates at the maximum value of unity.
Motivated by these studies, we analyse in this paper
the particle content and classicality of a quantum field,
by considering the entire evolutionary history of our uni-
verse. Because the matter dominated phase in our uni-
verse has lasted only for about 4 decades of expansion,
while the radiation dominated phase has lasted for nearly
24 decades of expansion, we approximate the evolutionary
history of the universe as made up of just three stages —
the early (inflationary) de Sitter phase, a radiation dom-
inated phase and late-time de Sitter phase characterizing
the current accelerated expansion of the universe. The
time-dependent minimally coupled scalar field equations
are solved, separately, in these three stages. The field so-
lutions as well as the scale factors corresponding different
regions are then matched at two transition points (i.e., de
Sitter to radiation and radiation to de Sitter transitions).
These allow us to discuss issues like time dependent par-
ticle content, emergence of classicality for comoving case
in an integrated manner.
This paper is organized as follows. In Section II we
provide a brief summary of the formalism developed in
[11], mainly focusing the particle content and degree of
classicality. Section III is devoted to the construction of
the background spacetimes that we call our three stage
Universe. Here we solve the time dependent scalar field
equations and mode solutions are matched at transition
points. The boundary condition is chosen in such a way
that all modes evolve from Bunch-Davies vacuum state
defined in the initial inflationary de Sitter phase. At any
later time these modes evolves non-adiabatically and par-
ticle creation takes place in all three stages. Section IV
includes a detailed numerical as well as analytical de-
scription of the particle content as a function of scale fac-
tor and the behavior of classicality parameter in various
regimes. We present the conclusions in Section V.
II. SCHRO¨DINGER DYNAMICS OF A
QUANTUM FIELD
To set the stage, we will begin by summarizing the
formalism developed in [11] to study quantum fields in
an expanding universe and recall the key ideas related to
definition of states, particle creation and classicality. We
will not provide detailed motivation of these ideas here;
the interested reader may find more details in [11].
It is well-known that the dynamics of free fields in the
Friedmann background can be reduced to that of decou-
pled, time dependent, harmonic oscillators which can be
quantized in Schro¨dinger picture. We consider a mass-
less minimally coupled scalar field in the spatially flat
Friedmann background
ds2 = dt2 − a2(t)dx2
= a2(η)(dη2 − dx2) (1)
where the conformal time is defined by η ≡ ∫ dt a−1. The
action for the field is then given by
S[Φ(η,x)] =
∫
d4x
√−g ∂aΦ∂aΦ
=
1
2
∫
d3x
∫
dη a2(η)
(
∂2ηΦ− ∂2xΦ
)
. (2)
Due to the translational invariance of the metric in
Eq. (1), one can decompose the field into independent
Fourier modes as
Φ(η,x) =
∫
d3k
(2pi)3
ξk(η)e
ik·x (3)
Since Φ is real, this implies ξk = ξ
∗
−k for the complex ξk.
This constraint essentially halves the degrees of freedom
in ξk, so that in terms of a single real variable φk, one
can express the action in Eq. (2) as
S[φk(η)] = 1
2
∫
d3k
∫
dη a2(η)
(
φ˙2k − k2φ2k
)
(4)
where the dot implies the derivative with respect to η and
k = |k|. The field system thus gets reduced to a bunch
of decoupled harmonic oscillators in the Fourier domain
with time-dependent mass, a2(η) and frequencies, k. We
can now now use the fact that this Schro¨dingier equation
admits time-dependent, form-invariant, Gaussian states
with vanishing mean given by:
ψ(φk, η) = N exp
[−αk(η)φ2k]
= N exp
[
−a
2(η)k
2
(
1− zk
1 + zk
)
φ2k
]
(5)
3The time evolution of the wave function is now given
in terms of that of the functions αk(η) and zk(η) which
satisfy the equations:
α˙k =
2α2k
a2
− 1
2
a2k (6)
and
z˙k + 2ikzk +
(
a˙
a
)
(z2k − 1) = 0 (7)
Here we use the notation and terminology introduced
in [11] in which zk, called the excitation parameter,
measures the deviation of αk from the adiabatic value.
(The functions αk and zk depend only on the modu-
lus of k and hence the subscripts are not in boldface.)
We thus need to solve for αk or zk to infer the quan-
tum evolution of the system and related characteristics.
The non-linear first order equations can be related to
the second-order linear differential equation by introduc-
ing another function µk(η), defined through the relation
αk = −(ia2/2)(µ˙k/µk), which satisfies:
µ¨k + 2
(
a˙
a
)
µ˙k + k
2µk = 0 (8)
This is the same as the field equation for φk resulting
from varying the action in Eq. (4). As for the function
zk, it is related to µk by:
zk =
(
kµk + iµ˙k
kµk − iµ˙k
)
(9)
Thus it suffices to solve for µk given the boundary condi-
tions to determine the quantum evolution of the system.
Since µk satisfies the second order linear differential
equation, it will have two linearly independent solutions
and thus we can write, in general, µk(η) = Aksk(η) +
Bks∗k(η). But zk and αk depends only on the ratio µ˙k/µk
so that the overall normalization of µk is irrelevant and
the evolution only depends on the ration Rk = Bk/Ak
for given initial conditions.
The initial conditions are set such that the state de-
scribed by the wave function in Eq. (5) is a ground state
with zero particle content at some time say η = ηi when
a(ηi) = ai. (It is often convenient to use the scale
factor itself as a time variable with the replacements
d/dη → a˙ d/da etc.) Then, the initial condition of the
wave function at a = ai being the ground state wave
function of an harmonic oscillator demands,
αk(ai) =
a2i k
2
(10)
or equivalently zk(ai) = 0, implying(
a˙
µk
dµk
da
)∣∣∣∣
ai
= ik (11)
which in turn determines Rk thereby fixing the state. As
the system evolves, we are interested in the two specific
quantities: the particle content of the state at any time
and the degree of classicality of the state. Both of these
were discussed in detail in [11] and we will just summa-
rize the motivation here and adopt the ideas: Our initial
condition implies that the state begins as a ground state
at a = ai but at any later time will be different from
the instantaneous ground state. To quantify the instan-
taneous particle content of this state it is then reasonable
to compare it with the instantaneous eigenstates at every
instant obtained by adiabatically evolving the the eigen-
states at some initial epoch. Since ψ is an even function,
the overlap is non-zero only with even eigenstates. One
can calculate this overlap (for details the reader is re-
ferred to [11]) with the eigenstates to get time-dependent
probability distribution of transitions and using it, the
mean number of quanta in the state at any time can be
computed. This particle content is given in terms of zk
as
〈nk〉 = |zk|
2
1− |zk|2 (12)
Note that being time-dependent and related to transi-
tions within the instantaneous eigenstates, we do not ex-
pect 〈nk〉 to be monotonic in general. The mean occupa-
tion number can go up and down and hence should not
be taken to be the ‘particle’ content in the classical sense
since it can be accompanied by fluctuating quantum noise
when the system is far away from classicality.
The degree of classicality of the state brings us to the
next quantity of interest, the classicality parameter Ck,
which is the measure of phase space correlations of the
system. Classicality is usually quantified by the use of
Wigner distributions and is inferred from the peaking of
the distribution on the corresponding classical trajectory.
However, it can be shown [11] that the naive reliance on
Wigner function can lead to ambiguities. Hence a new
correlation function, Ck was introduced in [11] as a more
robust measure to quantify classicality and it is found
to be in excellent agreement with our intuitive ideas in
many cases. This quantity is given by
Ck = Jkσ
2
k√
1 + (Jkσ2k)2
(13)
where Jk and σk are the parameters of Wigner function
defined in the φk − pik phase space of the oscillator for
4the Gaussian state in Eq. (5)
W(φk, pik, η) = 1
pi
exp
[
−φ
2
k
σ2k
− σ2k(pik − Jkφk)2
]
. (14)
In terms of zk we have,
Ck = 2 Im(zk)
1− |zk|2 . (15)
The vanishing of Ck implies Jk = 0 and Wigner distribu-
tion is then an uncorrelated product of gaussians in φk
and pik which is the case for the ground state which itself
is gaussian, set up as the initial condition. Otherwise the
classicality parameter is confined to the interval [−1, 1]
when the Wigner function becomes correlated. The par-
ticle creation and classicality of a state are strongly as-
sociated with each other; as we shall see the notion of
particles become well-defined when the degree of classi-
cality is high and vice-versa. With the structure in place,
we shall get on with our study of these aspects in the
cosmological context.
III. THE THREE STAGE UNIVERSE
We consider a three stage universe consisting of an ini-
tial inflationary de Sitter phase characterized by the Hub-
ble parameter, Hinf which evolves into a radiation dom-
inated phase and ends up in a late-time de Sitter phase
dominated by a cosmological constant Λ. Equivalently
the final phase can be characterized by the Hubble pa-
rameter, HΛ with H
2
Λ = Λ/3. (This model ignores the
matter dominated phase for simplicity, which can be jus-
tified by the fact that — in our universe — the matter
domination lasts only for about 4 decades while radiation
domination lasted for about 24 decades.) The scale factor
for such a three-stage universe can be taken to be:
a(t) =

eHinf t t ≤ tr
(2Hinfe)
1/2 t1/2 tr ≤ t ≤ tΛ
(Hinf/HΛ)
1/2eHΛt t ≥ tΛ
(16)
where tr = (2Hinf)
−1 and tΛ = (2HΛ)−1 are the co-
moving times at the two respective transitions and we
ensured that the scale factor and its derivative are con-
tinuous at the transition points. Further, we shall take
HΛ = Hinf = H with  1, since for our real universe,
 ∼ 10−54. However, for visual clarity of figures, we will
use sufficiently small values for  to discuss the effects
and comment about the cosmological case later. We can
re-express the scale factor in terms of the conformal time
Inflationary dS Radiation Late-time dS
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FIG. 1: The three stage universe. Evolution of comoving
Hubble radius, L = (da/dt)−1 with the scale factor a for
 = 0.01 is shown in the inflationary phase (decreasing),
radiation-dominated phase (increasing) and in late-time
de Sitter phase (decreasing) where the lines have slopes
±1 in the logarithmic plot. We have two characteris-
tic length scales, Lmax and Lmin forming a band such
that any length scale within the band has three transi-
tion points where it goes super-Hubble, sub-Hubble and
finally super-Hubble again.
as
a(η) =

[
(ηr − η)H + e−1/2
]−1
η ≤ ηr
(e/)1/2 +He(η − ηΛ) ηr ≤ η ≤ ηΛ[
(/e)1/2 − H(η − ηΛ)
]−1
η ≥ ηΛ
(17)
with (ηf − ηΛ) = (He1/2)−1(−1/2 − 1). But it is more
convenient to use a itself as the time-variable since it
gives a better conceptual understanding of the length
scales involved. Note that ar = a(tr) = e
1/2 and
aΛ = a(tΛ) = (e/)
1/2 at the transition points with our
choice of normalization. The comoving Hubble radius, in
terms of the scale factor, is given by
L(a) = (a˙)−1 =
 (Ha)
−1 a ≤ e1/2
(a/He) e1/2 ≤ a ≤ (e/)1/2
(aH)−1 a ≥ (e/)1/2
(18)
The above scheme is pictorially depicted in Fig. 1. In the
logarithmic plot the lines have unit slope and are at 45
degrees. The comoving Hubble radius shrinks during the
initial inflationary de Sitter (blue) phase till ar = e
1/2,
when the radiation dominated phase starts and the co-
moving Hubble radius increases (red) until aΛ = (e/)
1/2
5(which is decided solely by the value of ) the final de Sit-
ter phase (green) sets in leading to the shrinkage again.
In such a universe, there exist two length scales,
Lmax = 1/(H
1/2e1/2) and Lmin = 1/(He
1/2) and a
band in between which is special (see e.g. [14]). A wave
mode characterized by the length scale larger than Lmax,
once exits the comoving Hubble radius in the initial de
Sitter phase, will remain super-Hubble at all times. Simi-
larly modes with wavelengths smaller than Lmin remains
sub-Hubble till it exits the Hubble radius in the late-
time de Sitter phase. Any wave mode characterized by
the length scale, Lint lying within the band encounters
three transition points: it exits the Hubble radius at some
aex1 during initial de Sitter phase and goes super-Hubble,
then enters the the Hubble radius at aen during the radi-
ation dominated phase becoming sub-Hubble again and
re-exits the Hubble radius in the final de Sitter phase at
aex2 becoming super-Hubble once again. While Lmin is
independent of , Lmax depends on it inversely which is
expected, since  determines the duration of the radia-
tion dominated phase. This rich terrain, as we shall see,
affects the particle creation aspects and classicality for a
test scalar field in a non-trivial manner.
We shall now apply the formalism of Section II in the
toy cosmological model described above. This requires
working out the evolution of the wave function in the
three stages which, in turn, requires computing µk(a),
with a given initial condition in the first de Sitter phase
and sewing it with the other two patches by demanding
the continuity of the wave function and its derivative at
the transition points (i.e., de Sitter → radiation → de
Sitter transitions). We shall now turn to this task and
describe the solution in the three stages.
A. The inflationary phase
With the scale factor specified for the case in Eq. (16)
or Eq. (17), we can solve for µk(η) using Eq. (8) and by
inverting the function a(η) we have,
µ
(1)
k (a) = sk(a) +Rks∗k(a) (19)
with
sk(a) =
(
1
a
− iH
k
)
exp
[
ik
H
(
1− 1
a
)]
. (20)
The constant Rk is determined by imposing the initial
condition as per Eq. (11) at an initial epoch ai, which
gives:
Rk(ai) =
(
1− 2ik
Hai
)−1
exp
[
2ik
H
(
1− 1
ai
)]
(21)
Different choices of ai will correspond to different initial
conditions. We will choose the state to be a ground state
in the asymptotic past that is, when ai → 0. This can be
achieved by choosing Rk = 0 for all k. Thus we have
µ
(1)
k (a) =
(
1
a
− iH
k
)
exp
[
ik
H
− ik
aH
]
(22)
This is the state evolved to an epoch a from conventional
Bunch-Davies vacuum [15] at the asymptotic past. At
any finite time it is different from the instantaneous vac-
uum state and is a mixture of positive and negative fre-
quency modes [16] with non-zero particle content.
B. Radiation dominated phase
For the radiation dominated phase, µk(a) is given by
µ
(2)
k (a) =
1
a
(
Cke
−ika/eH +Dkeika/eH
)
(23)
where Ck and Dk are determined by the matching con-
ditions at a = ar = e
1/2
µ
(1)
k (ar) = µ
(2)
k (ar); µ
(1)′
k (ar) = µ
(2)′
k (ar) (24)
where the prime denotes derivative with respect to a.
This can be done analytically but the resulting expres-
sions are not very illuminating.
C. The late-time de Sitter phase
The scale factor in the late-time de Sitter is related to
the inflationary phase by the replacements H → H and
an overall scaling by −1/2. So we have
µ
(3)
k (a) = Eks¯k(a) + Fks¯
∗
k(a) (25)
with
s¯k(a) = exp
[
ik
H
(
1− 1
a
)](
1
a
− iH
k
)
. (26)
Again, Ek and Fk are determined by matching at a =
aΛ = (e/)
1/2:
µ
(2)
k (aΛ) = µ
(3)
k (aΛ); µ
(2)′
k (aΛ) = µ
(3)′
k (aΛ). (27)
With the help of Eq. (24) and Eq. (27) we now have µk(a)
connected up for all the three stages. The next step is
to compute the particle content and the classicality pa-
rameter in an integrated manner for the entire evolution
history of the universe. This is done using Mathematica
for algebraic manipulations and the results are presented
in the next section.
6IV. PARTICLE CONTENT AND
CLASSICALITY
We now recall the method summarized in Section II to
find the average particle number and classicality parame-
ter given by Eq. (12) and Eq. (15) respectively. The exact
analytical results for these quantities are simple in the in-
flationary phase, but gets algebraically unwieldy for the
radiation phase and an impossibly complicated (having
hundreds of terms!) in the final de Sitter phase. Hence
we shall first present our results in Fig. 2 and Fig. 3 using
results for a range of values of  using algebraic manipula-
tion software. Having described the exact results in this
manner, we will provide approximate analytic expressions
highlighting the behavior pattern in various limits in Sec-
tion IV B.
A. The numerical results
As is evident from Eq. (17), the smaller values of 
correspond to longer lifetime of the radiation dominated
phase. Here we first consider toy universes with  = 0.01
and  = 0.0001 to capture the whole picture which is nu-
merically difficult to do with the cosmologically relevant
value of . Note that, the sub and super-Hubble regions,
as shown in Fig. 1, also provide an estimate for k/H.
Modes with k/H < e1/21/2 are always super-Hubble
once they exit the Hubble radius in the inflationary phase
and modes with k/H > e1/2 are always sub-Hubble un-
til they exit the Hubble radius in the late-time de Sitter
phase. Any other mode will exit, enter and re-exit the
Hubble radius in different stages as shown in Fig. 1. For
the set of expressions we come across here, it is possible
to normalize the the wave vector (k) with respect to H
so that one can set H = 1 for the numerical scheme. But
it should be remembered that in this case k really means
k/H. We shall reinstate H in the next subsection where
we deal with analytical expressions.
The excitation parameter zk is calculated separately
for three stages from Eq. (9). Since we have three differ-
ent expressions for µk, given by Eq. (22), Eq. (23) and
Eq. (25) in different stages there exist three corresponding
results for zk viz., z
(1)
k , z
(2)
k and z
(3)
k which by construc-
tion match at the transition points. Then it is straight
forward to calculate 〈nk〉 and Ck separately for each stage
and plot them collectively as in Fig. 2 and Fig. 3.
Fig. 2 depicts the case with  = 0.01. The excitation
parameter starts from z
(1)
k = 0 (shown in blue) in the
inflationary phase and it gradually shifts toward z
(3)
k = 1
(shown in green) in the late-time de Sitter. As we have
already mentioned, the non-zero values of the excitation
parameter (zk) implies that the system has departed from
its initial adiabatic vacuum state given by z
(1)
k = 0. The
appearance of the radiation dominated phase in between
makes z
(2)
k (shown in red) to follow a circular trajectory
for a while and — somewhat interestingly — even af-
ter this phase has ended, z
(3)
k (green) continues to ex-
hibit the same behavior, before it changes its direction to
reach unity. This behavior of zk is particularly interest-
ing because for a single de Sitter case zk does not follow
a circular path [11] which is clearly a ‘residual memory’
of the radiation dominated phase. That is, despite the
fact that the background spacetime has already made a
transition from radiation to late-time de Sitter phase, the
scalar field does not ‘know’ about this for a while until
z
(3)
k leaves the circular trajectory. This is a signature of
non-adiabatic behavior that we mentioned above.
The above characteristics of zk have nontrivial con-
sequences on 〈nk〉 and Ck. It is known that 〈nk〉 fol-
lows a power law (and hence appears as a straight line
in logarithmic plot) for pure de Sitter phase as previ-
ously found in [11]. This is because the average num-
ber of particles that are being created in this phase in-
creases monotonously with the expansion until it reaches
a mode dependent maximum value at the point of tran-
sition. This holds for a ≤ e1/2 since the initial de Sitter
phase (blue) has no prior information about the future
transition. After the first transition, once the universe is
in the radiation dominated phase (red), the behavior of
〈nk〉 changes dramatically. This change basically depends
upon the modulus of the wave vector (k). For super-
Hubble modes (k < kmin), the power-law behaviour of
〈nk〉 is unaffected because these modes have exited the
Hubble radius in the inflationary phase itself. The 〈nk〉 of
modes corresponding to k > kmin starts oscillating once
the universe changes to radiation dominated phase. This
amplitude of the oscillation increases with k and is most
pronounced for sub-Hubble modes. One can directly re-
late this oscillatory behavior of 〈nk〉 with the circular
trajectories of zk. Just as in the case of zk, for 〈nk〉 also,
we see the effect of radiation dominated phase is ‘remem-
bered’ in the late-time de Sitter phase (green); in fact,
this effect persists for quite some time. Note that in a
pure de Sitter universe 〈nk〉 has no oscillations. Therefore
appearance of oscillations in the late-time de Sitter phase
is a residual effect of the radiation dominated era. How-
ever, for large a, after the relevant modes become super-
Hubble, this oscillatory behavior in 〈nk〉 settles down to
power-law behaviour. One important observation that
follows from Fig. 2 and Fig. 3 is that irrespective of the
value of  the oscillation in 〈nk〉 approaches a saturation
value toward the end of the radiation phase. In fact, in
the absence of the late-time de Sitter phase, 〈nk〉 remains
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FIG. 2: Evolution of the excitation parameter zk, average particle number 〈nk〉 and classicality parameter Ck with the
scale factor for  = 0.01. The color scheme is as follows: blue → early inflationary phase, red → radiation dominated
phase, green → late-time de Sitter phase. The modulus of the wave vector k is fixed in each plot. Modes which have
k < kmin are always super-Hubble and those with k > kmax are always sub-Hubble until they finally exit the late-time
de Sitter phase. Any other intermediate mode (kint) exit the Hubble radius in early de Sitter phase at aex1 then enters
in the radiation dominated phase at aen and finally re-exits in late-time de Sitter phase at aex2 . Here kmax = 1.64872,
kmin = 0.164872, kint = 1 for zk and Ck and kint = 0.5 for 〈nk〉 while k = 10, 0.05 for lower and uppermost plots
respectively, outside the band.
to be fixed at this saturated value forever (as it happens
for a pure radiation-dominated universe [11]). The lat-
ter phase makes 〈nk〉 to shift from its saturated value
it would have reached in the radiation dominated phase.
However, as we pointed out before, because of the ‘mem-
ory’ it is not possible to instantaneously drive the system
away from this saturation value. Some amount of time
has to be spent in the late-time de Sitter phase for this
to occur, which varies from mode to mode and turns out
to be larger for sub-Hubble (k > kmax) regime.
Interestingly, this saturation in average particle num-
ber has a similarity with the particle creation in elec-
tric field that was encountered earlier in [11, 12]. In the
presence of constant electric field, at late times, 〈nk〉 be-
comes nearly constant [11]. For time dependent electric
field there are two cases which were discussed in [12]: For
smaller values of a dimensionless parameter
√
qEt (where
q is the charge and E is the electric field), the asymp-
totic mean particle number depends upon the duration
for which the field (E) was nonzero, whereas, for consid-
erably larger values of
√
qEt, the final particle content
becomes independent of this duration. Similar results
hold in our case. The asymptotic average particle num-
ber near the end of radiation phase fluctuates for smaller
lifetime of the radiation phase (for example, with  = 0.01
in Fig. 2) and for relatively larger lifetime it becomes con-
stant (like in Fig. 3 with  = 0.0001). We shall return to
this discussion once again in the next subsection where
we deal with analytical results.
The classicality parameter Ck starts from zero in the
beginning of inflationary phase and depending upon k
and  it shows different characteristics as depicted in
Fig. 2 and Fig. 3. Any mode with k = kint which lies
within the [kmin, kmax] band, tends to a classical descrip-
8tion near the end of the inflationary phase as Ck → −1
but as the universe makes a transition to radiation phase,
it starts oscillating. These oscillations last during the ra-
diation phase as well as in the beginning of the late-time
de Sitter phase. In the late-time de Sitter phase when
a mode exits the Hubble radius at large a one finds Ck
saturates at -1. This property of the mode establishes a
connection between the classicality and its Hubble exit.
After the Hubble exit, in the early and late-time de Sit-
ter Ck → −1 and modes behave classically (as expected).
But in between, when the mode is sub-Hubble, it os-
cillates and remains away from classical description. To
clearly understand this aspect we have plotted Ck by con-
sidering two modes which are sub-Hubble (for the first
two phases) and is super-Hubble (once it exits from the
inflationary phase). The sub-Hubble mode does not reach
-1 in the first two phases but once it exits the Hubble ra-
dius in the late-time de Sitter phase it reaches that value.
On the other hand, the super-Hubble mode, once it exits
from the initial de Sitter phase remains always super-
Hubble and saturates with Ck → −1. This relation of
classicality and Hubble exit is, of course, known ([8]-[10]
and [17]) in the context of primordial perturbations but
our procedure provides a quantitative measure of degree
of classicality.
To understand the oscillatory nature in the average
particle number in Fig. 2 and Fig. 3 one should again
refer to the behavior of classicality parameter. The fluc-
tuations in Ck imply that the system is in the quantum
domain and the notion of average number of particles at
a particular instant is not well defined in the ‘classical’
sense. At most one can ask, in loose sense, a time av-
eraged value of 〈nk〉 and interpret this as the number of
particles produced during that time interval. The parti-
cle content is well-defined and has the intuitive behaviour
of monotonic increase only when degree of classicality is
high which is precisely what we would expect. While our
formalism allows us to define 〈nk〉 at any time, one can-
not really think of them as ‘particles’ when its value is
oscillatory. This is precisely what happens when degree of
classicality is low (as is to be expected) and particle def-
inition becomes ambiguous. As we stressed right at the
beginning of the paper we do not want to over emphasize
any given notion of particle in a strong field regime; in
stead we want to correlate the behaviour of a well-defined
parameter (measured by 〈nk〉) with degree of classicality.
this study confirms our intuitive expectations and adds
strength to the interpretation of both our definition of
particle content and degree of classicality.
Almost all physical features of Fig. 2 remain intact for
 = 0.0001 as is evident from Fig. 3. The only difference
arises in terms of number of rotations encountered in the
plot of zk. Since for this case the radiation phase has a
comparatively longer lifetime the oscillations of 〈nk〉 and
Ck persist for a longer duration. In fact, as we make 
smaller, this winding number increases substantially and
becomes unmanageably high for cosmological value of  ∼
10−54. We shall now look at this case analytically, taking
suitable limits, in the next subsection.
B. Analytic limits in different regimes
As we have already mentioned, the analytical results
become increasingly complex as we proceed with the evo-
lution of the universe and thus require suitable approx-
imations for the final late-time de Sitter phase. For the
inflationary phase, the expressions for various quantities
are simple, and are given by
z
(1)
k =
aH
aH + 2ik
(28)
〈n(1)k 〉 =
a2H2
4k2
(29)
C(1)k = −
aH
k
√
a2H2
k2 + 1
(30)
These match with the results found earlier in [11]. For
any value of k/H, in the logarithmic plot, 〈n(1)k 〉 ∝ a2 is
a straight line as shown in Fig. 2 and Fig. 3 (blue lines).
Also, as expected, none of the expressions above depend
upon . From the expression of the classicality parameter
it is obvious that super-Hubble modes with aH/k >>
1 have C(1)k ≈ −1 and behave classically. However, all
other modes remain away from classical description. In
this phase, we can also calculate the comoving energy
density by multiplying Eq. (29) by k (since ωk = k) and
integrating over d3k as
E(1)(a) = a
2H2
8pi2
∫ kb
ka
kdk
=
a2H2
16pi2
(k2b − k2a). (31)
The above expression has a UV divergence which is usual
in the case in quantum field theory and requires a cut-
off. The origin and cure for divergences in de Sitter
phase is still a matter of debate in the literature but for
our purpose we shall just introduce a cut-off. We can
choose ka = kmin and kb = kmax for the energy in the
band [kmin, kmax]. For the cosmological case, this band
is wide enough to be interesting with kmin = H(e)
1/2
and kmax = He
1/2. The background comoving energy
9kint
k < kmin
kmin
Ε = 0.0001
kmax
aex1
aen aex2
k > kmax
0.01 1 100 104
a
10-4
10
106
1011
1016
Xnk\
0.01 1 100 104
a
-1.0
-0.5
0.0
0.5
1.0
Ck
For kmax
0.01 1 100 104
a
-1.0
-0.5
0.0
0.5
1.0
1.5
Ck
For kint
0.1 1 10 100
a
-1.4
-1.2
-1.0
-0.8
-0.6
-0.4
-0.2
Ck
For kmin
FIG. 3: Evolution of the excitation parameter zk, average particle number 〈nk〉 and classicality parameter Ck with
the scale factor for  = 0.0001. Color scheme and notations are same as Fig. 2 but in this case kmax = 1.6487,
kmin = 0.01648 and kint = 0.167. Outside the band, k = 10.0 (lower) and k = 0.001 (upper). For zk and Ck we have
taken kint = 1.0.
density is EHbg = 3H2/8piG. So the ratio of the energy
densities at the end of inflation is,
E(1)(ar)
EHbg
=
e2H2G
6pi
(1− ) ∼ L2pH2 (32)
where Lp is the planck length and we have  << 1. With
Ep = 10
19 GeV and EGUT = 10
15 GEV, this ratio is of
order 10−16 which shows that Einf << EB . As a result
the particle creation in the band we are studying does
not substantially backreact on the background geometry.
In the radiation dominated phase, the exact analytical
results for z
(2)
k and 〈n(2)k 〉 are a little cumbersome and are
given by
z
(2)
k =
eH
(
e
2ik√
eHH(eH + 2iak)− e 2iakeH (eH2 + 2i√eHk − 2k2))
−e2+ 2ik√eHH3 + e 2iakeH (eH − 2iak) (eH2 + 2i√eHk − 2k2)
(33)
〈n(2)k 〉 =
e2H2
8a2k6
(
e2H4 + 2
(
a2H2k2 + k4
)− (e2H4 + 4a√eH2k2 − 2eH2k2)Cos [2 (−a+√e) k
eH
]
−2kH ((−a+√e) eH2 + 2ak2)Sin [2 (−a+√e) k
eH
])
. (34)
Note that although the scale factor in a radiation dom- inated phase has an explicit  dependence in Eq. (17),
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both z
(2)
k and 〈n(2)k 〉 are not explicit functions of . Let
us now examine the behavior in the special cases which
are of physical interest. For super-Hubble modes (k <
kmin = (e)
1/2), it turns out that
〈n(2)k 〉 ≈
a2H2
4k2
+O(k2) (35)
which exactly matches with 〈n(1)k 〉 in Eq. (29). Not sur-
prisingly, for these modes the log plot is a straight line
with slope 2 as shown in Fig. 2 and Fig. 3. One can
always change  to compare with the cosmological case
and in such a case kmin is also shifted to a much lower
value which is proportional to 1/2. On the other hand
for sub-Hubble modes (k > kmax) the argument of the
Sine and Cosine terms in Eq. (34) get bigger and the
oscillatory nature takes over from monotonic behaviour.
Asymptotically, as the universe approaches the end of ra-
diation phase (for a → e1/2/1/2), the 〈n(2)k 〉 tends to a
saturation value
〈n(2)k 〉sat ≈
e2H4
4k4
(36)
when we ignore the smaller oscillatory terms. This is ap-
proximately the average number of particles at the end of
radiation phase and correspond to the saturated regime of
the plots in Fig. 2 and Fig. 3. Again, it is straightforward
to find the average energy density due to these particles
by multiplying (36) by k3dk/2pi2 and integrating over all
k (from some ka to kb) to give:
E(2)sat =
e2H4
8pi2
ln
∣∣∣ kb
ka
∣∣∣. (37)
The average energy density per logarithmic mode is a
constant and is proportional to the fourth power of the
inflationary Hubble parameter. We can again compare
its value with the comoving background energy density
at the end of radiation phase which is
Eradbg =
3H2e2
8piL2p
(38)
to get
E(2)sat
Eradbg
=
L2pH
2
3pi
ln(−1/2) ∼ L2pH2 (39)
which essentially remains almost the same as in Eq. (32)
since there is not much particle creation during the radi-
ation phase due to saturation. The backreaction due to
the modes in the band we are studying is not a concern
for the evolution of background geometry.
For the late-time de Sitter phase, we have given the
exact expression for z
(3)
k in the Appendix A. (The ex-
act analytic expression for 〈n(3)k 〉 is too cumbersome to
offer any insight and hence is not included.) Let us con-
sider this expression in the appropriate limits. First, note
that due to matching conditions 〈n(3)k 〉 is equal to the
value of 〈n(2)k 〉 as given in Eq. (36) at the beginning of
this phase for all k. Further, for any k, at late-times
〈n(3)k 〉 varies as a2 leading to straight lines of slope 2 in
log-log plots. Again, for all super-Hubble modes with
k < kmin = (e)
1/2 in the small k limit, this behavior
continues with
z
(3)
k ≈ 1−
2k2
a2H2
− 2ik
aH
(40)
which then gives
〈n(3)k 〉 ≈
a2H2
4k2
(41)
with the functional form of 〈n(3)k 〉 matching 〈n(1)k 〉given in
Eq. (29). These features are remain valid for the realistic
cosmological value of , for which the numerical value of
kmin ∼ 1/2 ∼ 10−27 is extremely small.
The situation is more complicated for the field modes
with k > kmin. Some of these modes fall in the intermedi-
ate band kmin < k < kmax and others remain sub-Hubble
until they exit late-time de Sitter. To quantify the modes
in the intermediate band is difficult analytically, but we
can study the other limit of k > kmax. For these modes,
with small  and large a (since a > (e/)1/2) for the third
region, the dominant terms of 〈n(3)k 〉 are given by
〈n(3)k 〉 ≈
e2H4
4k4
− 2H
4e3/2a
4k4
+
H2
(
e2H4 − eH2k2 + k4) a22
4k6
(42)
This expression summarizes the behavior of particle con-
tent the third region when the oscillations are averaged
out in and is shown in Fig. 4. The zeroth order term is
the saturation value of 〈n(2)k 〉 which 〈n(3)k 〉 picks up for
relatively small a. Later on, when when aH/k >> 1,
the a2 behaviour becomes the dominant feature; the be-
haviour shown in Fig. 2 and Fig. 3 corroborates this, i.e.,
when a > k/H, the oscillations die down and monotonic
behaviour arises.
Finally, we plot the energy density of the field in the
[kmin, kmax] band given by
E = 1
2pi2
∫ kmax
kmin
〈nk〉k3dk (43)
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FIG. 4: Comparison of the average particle number 〈n(3)k 〉
(shown in blue) with its average value ignoring the oscilla-
tions (shown in red) as given by the expression in Eq. (42)
in the large k limit. Here  = 0.0001 and k/H = 10, 15, 25
increasing downwards.
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FIG. 5: Evolution of the energy density of the field in
the [kmin, kmax] band as given by Eq. (43) for  = 0.0001
and H = 1. The color scheme is the same as in previous
figures.
in Fig. 5 for  = 0.0001 and H = 1. The energy den-
sity increases sharply (red) in the inflationary phase due
to significant particle creation in this phase and is then
almost constant in the radiation phase (blue) when par-
ticle creation is insignificant. The saturated remnant is
also seen early in the third phase (green). The energy
density of the field is quite low as compared with the co-
moving background energy density and does not pose any
backreaction issues for the modes we have studied.
C. Implications for generation of perturbations
from inflation
Finally we want to comment briefly on the connection
between this work and the generation of perturbations
in the inflationary scenario. In the standard approach
to this problem, one computes the quantum fluctuations
of the field at the time when the mode exits the Hubble
radius in the initial de Sitter phase. This is usually done
in the form of the two-point function 〈0|φ(x)φ(y)|0〉. The
Fourier transform of this C-number is then identified with
the stochastic fluctuations of a classical random field at
the time of re-entry of the mode to the Hubble radius
(see e.g., p 637 of [18]). The usual justification for this
procedure is based on two factors: (a) The modes behave
classically once they are well outside the Hubble radius.
(b) It is assumed that once they become classical they
stay classical and hence can be described by standard
perturbation theory after they re-enter the Hubble radius.
Though this scenario is by now widely accepted (and
the results of such a computation agrees well with obser-
vations), it must be noted that the quantum to classical
transition of the density perturbations is still not com-
pletely well understood from a conceptual point of view.
We believe the approach introduced this paper will throw
more light on this issue. The key point is that we now
have an intuitively clear, quantitative, measure for the
classicality of the fluctuations and we need not deal with
a ‘two-level’ description of the fluctuations being either
fully classical or fully quantum mechanical. We will con-
fine ourselves to brief comments here and hope to address
this issue more comprehensively in a separate work.
Our discussion of the field modes does confirm the stan-
dard assumption (a) above, viz. that modes become clas-
sical when they leave the Hubble radius. What is more
is that we can quantify the degree of classicality as the
universe evolves. But our analysis also shows that, when
the mode re-enters the Hubble radius the the degree of
classicality does not stay constant but rapidly oscillates.
This fact can have important implications for structure
formation scenarios which are based on assumption (b)
above, viz. that once the fluctuations are classical, they
remain classical. But we must stress that, in the work re-
ported here, we have treated the quantum field as purely
a test field and did not incorporate the back reaction
due to perturbations in the geometry. In the correct ap-
proach we need to take into account both the metric fluc-
tuations (in particular the scalar mode representing the
Newtonian potential in a particular gauge) and the field
fluctuations as a coupled system (see e.g, p. 636 of [18]).
It seems natural to treat the scalar mode perturbations of
geometry as classical, in which case, we have the standard
scenario of a quantum system interacting with a classi-
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cal one and we need to consider issues like decoherence
(which is often invoked to explain the classicality of per-
turbations though this may not be completely satisfac-
tory). Further, we also note that the classicality parame-
ter oscillates rapidly when the modes have re-entered the
Hubble radius which is a different behaviour compared to
the one exhibited when they were originally sub-Hubble
radius in the inflationary phase. (This is clearly seen in
the behaviour of zk in all the figures). This difference
tells us that the two situations are not identical and our
interpretation needs to take this difference into account.
So the question cannot be answered only based on the
results of the work described here and we hope to extend
it, taking into consideration the back reaction of geome-
try both in the quantum and classical regimes as well as
the oscillations of the classicality parameter.
Similar comments apply to the study of the tensor com-
ponents of the metric perturbations because they obey es-
sentially the same type of wave equation as a scalar field
in the cosmological context. Once again the conventional
wisdom is that: (a) The gravity wave modes are quantum
mechanical until they leave the Hubble radius in the infla-
tionary phase but become classical when they are outside
the Hubble radius. (b) Once they become classical they
remain classical as a stochastic gravity wave background
today. The result in (a) can again be justified by an anal-
ysis similar to ours because the mathematics is essentially
the same. But in tackling the issue of (b) it seems diffi-
cult to invoke effects due to back reaction [unlike in the
case of scalar field modes] and it may be the oscillations
of the classicality parameter which contains the relevant
information. We hope to study these issues in detail in a
future work.
V. DISCUSSION AND CONCLUSION
We have provided a detailed analysis of instantaneous
particle creation and quantum to classical transition for
minimally coupled scalar field modes in the background
of Friedman universe. We considered three main stages of
expansion where the radiation dominated phase is sand-
wiched between the early (inflationary) and late-time (Λ
dominated) de Sitter phase. Making the scale factor con-
tinuous and differentiable at the time of transition fixes
the transition points in terms of Hubble parameters at
two regimes. Following the general framework of [11]
the field equations were solved in different regimes in
Schro¨dinger picture. Boundary conditions were chosen
to set the vacuum in a Bunch-Davies state in the asymp-
totic past of early de Sitter. The time evolution of these
vacuum states is non-adiabatic and leads to particle cre-
ation.
The time dependent average particle number and clas-
sicality parameter for a given mode were expressed as a
function of the scale factor. In the early de Sitter phase
particle creation is uniform and 〈nk〉 increases as a2 for all
modes. Super-Hubble modes (k < kmin), once they exit
the Hubble radius, are not affected by the expansion and
〈nk〉 behaves the same for all a. In the radiation phase
〈nk〉 oscillates for intermediate modes (kmin < k < kmax
which exit the Hubble radius in the inflationary phase
and enter in the radiation phase) as well as for the sub-
Hubble (k > kmax) modes. Interestingly, even after the
universe transits into the late-time de Sitter phase, oscil-
lations persist as a residual memory of radiation dom-
inated phase. For large a, once these modes become
super-Hubble, 〈nk〉 again shows power-law behavior. It
was observed that 〈nk〉 reaches a saturated value towards
the end of radiation phase in such a way that the average
energy of the created particles per logarithmic mode be-
comes constant. Interestingly, this property of saturation
was found to be similar to the case of particle creation
by time dependent electric fields in certain circumstances
[12].
The classicality parameter (Ck) starts from zero (for
vacuum state) in the early inflationary phase and with
the expansion its magnitude approaches to unity within
the same phase. Once it becomes radiation dominated, Ck
fluctuates rapidly between -1 and +1. This has a counter-
part in the oscillatory behavior of 〈nk〉. The general pic-
ture that emerges from our study suggests that modes be-
haves classically when they are super-Hubble and for them
the magnitude of Ck approaches to unity. This is also the
regime in which the system is highly non-adiabatic and
particle production is strongest. These features in Ck
closely track the emergence of classicality at late times.
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Appendix A: Exact expression for z
(3)
k (a)
The exact expression for z
(3)
k (a) is given by
z
(3)
k (a) = N/D (A1)
where the numerator and denominator are respectively,
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N = H
(
−e 4ik√eH+ 2ikH+ 52H4(aH− 2ik)3/2 + e
2i(+
√
)k√
eH
+ 2ikH+
5
2H4(aH− 2ik)3/2 − ae
2i(
√
+2)k√
eH
√

+
2(a−1)ik
aH +
5
2H55/2
+ae
2i(2+
√
)k√
eH
+
2(a−1)ik
aH +
5
2H55/2 + ae
2i(2+
√
)k√
eH
+
2(a−1)ik
aH +2H4ik2 + 2ae
2i(
√
+2)k√
eH
√

+
2(a−1)ik
aH +
3
2H3k2
(√
− 1) 2
−iae
2i(
√
+2)k√
eH
√

+
2(a−1)ik
aH +2H4k
(
2
√
− 1) 2 − 4iae 2ik(√e(a−1)+a(+2√))a√eH k5− 4ae 2i(√+2)k√eH√ + 2(a−1)ikaH + 12Hk4
−2iae
2i(
√
+2)k√
eH
√

+
2(a−1)ik
aH +1H2k3(− 1)− 2ie
2i(+
√
)k√
eH
+ 2ikH+1Hk3(aH− 2ik)− 3ie 4ik√eH+ 2ikH+2H3k(aH− 2ik)
−2e
2i(+
√
)k√
eH
+ 2ikH+
3
2H2k2
(√
+ 1
)
(aH− 2ik)+ e
2i(+
√
)k√
eH
+ 2ikH+2H3k
(
2
√
+ 1
)
(2k + aHi)
+4e
4ik√
eH
+ 2ikH+
3
2H2k2(aH− 2ik)√+ 2e 4ik√eH+ 2ikH+1Hk3(2k + aHi)
)
(A2)
D = 4ae 4ik√eH+ 2ikH+ 32H4k23/2 − e
2i(
√
+2)k√
eH
√

+
2(a−1)ik
aH +
5
2H5(2ik + aH)3/2 + e
2i(2+
√
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eH
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5
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